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a b s t r a c t
Convection in a porous medium may produce strong nonuniqueness of patterns. We
study this phenomena for the case of a multicomponent fluid and develop a mimetic
finite-difference scheme for the three-dimensional problem. Discretization of the Darcy
equations in the primitive variables is based on staggered grids with five types of nodes
and on a special approximation of nonlinear terms. This scheme is applied to the computer
study of flows in a porous parallelepiped filled by a two-component fluid and with two
adiabatic lateral planes. We found that the continuous family of steady stable states exists
in the case of a rather thin enclosure.When the depth is increased, only isolated convective
regimes may be stable. We demonstrate that the non-mimetic approximation of nonlinear
terms leads to the destruction of the continuous family of steady states.
© 2012 Elsevier Ltd. All rights reserved.
0. Introduction
Natural convection of viscous fluid is usually characterized by a finite number of coexisted convective patterns [1].
An exciting example with an infinite number of steady states was found for the planar problem of Lapwood convection
(Darcy model for the convection in a porous medium) [2]. The appearance of a continuum of solutions was explained
by the cosymmetry theory [3]. The cosymmetric families of steady states differ from symmetric ones due to different
stability spectra of patterns [4]. First computations of the families of steady states in the planar Darcy convection
were done using the Galerkin method [5] and the finite-difference approach [6]. In [6], it was found that the loss
of some gyroscopic and cosymmetry properties in the finite-dimensional approximation destroys the family of steady
states and may lead to a finite number of solutions instead of strong nonuniqueness. Preservation of symmetries and
cosymmetries in finite-difference approximation prevents a numerical scheme from destruction of continuous family
solutions.
The presence ofmultiple components in the saturating fluid and the porosity of themediumstrongly affect the convective
motions formed. Our aimhere is the development of amimetic finite differencemethodwhich yields accurate and physically
consistent solutions of convective patterns and continuous family of steady states. This requires that the numerical scheme
should preserve the physical properties of underlying system. The underlying idea of mimetic approximation is to build
key physical properties of the partial differential model exactly into the algorithm. In the past decade, several mimetic finite
difference, locally conservative finite volumemethods and finite elementmethodswere developed for numerical simulation
of partial differential equations, that preserve the essential properties of underlying equations such as conservation laws,
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Fig. 1. Boundary conditions.
solution symmetries, and the fundamental identities of vector calculus; see for a review [7–12]. The mimetic finite
differences have been successfully employed to solve diffusion [13,14], electromagnetic [15] and gas dynamic [16,17]
problems.
We develop a finite-difference scheme for a system in primitive variables (velocities, pressure, temperature and mass
fractions). The discretization is based on the staggered grids approach [18] with five types of nodes of the primitive variables
of the problem. Using the differencing and averaging operators on a two-node stencil, we have constructed a special
approximation of the advective terms. The numerical scheme for the computation of the family of steady states in a three-
dimensional problem was derived in [19,18]. Approximation of nonlinear terms in the case of staggered grids was based
on [20,21].
This paper is organized as follows. The equations for the three-dimensional multicomponent fluid convection (Darcy
model) in primitive variables are formulated in Section 1. In Section 2, the semi-discretization in space (grids, discrete
operators) is performed. Computations for planar flows from the family of steady states andnonplanar regimes are presented
in Section 3 as well as an example destruction of the family under improper approximation of the convective terms by
standard finite difference approximation.
1. Convection of the multicomponent fluid in a porous medium
We consider a porous medium saturated by an incompressible multicomponent fluid which is heated from below.
The Boussinesq–Darcy approximation holds [1]; fluid velocities v⃗ = (v1, v2, v3)T are assumed be much smaller than the
sound speed, so the fluid can be treated as incompressible. The density in the buoyancy term varies linearly with the local
temperature θ0 and mass fractions θ r (r = 1, . . . , S).
1.1. Equations for primitive variables
The system of dimensionless equations [22] consists of the momentum equation based on the Darcy law
ε
∂v⃗
∂t
= −∇p− v⃗ +
S
r=0
λrθ
r k⃗, (1)
the continuity equation
∇ · v⃗ = 0, (2)
and the equation for the deviation of temperature from linear (in z) profile θ0 anddeviation for each species θ r (r = 1, . . . , S)
br
∂θ r
∂t
+ v⃗ · ∇θ r = κr1θ r + v⃗ · k⃗. (3)
Here k⃗ = (0, 0, 1)T is the vector opposing the direction of gravity, p(x, y, z, t) is the pressure, x, y, z are the space variables.
Parameters of relative porosity ε, Rayleigh numbers λr and diffusion coefficients κr are given by
ε = K
µl2
, λr = gβrAr l
2K
ν2
, κr = χr
ν
, (4)
where K is the permeability coefficient, µ is the porosity of the medium, l is the length parameter, g is the gravity
acceleration, β0 is the thermal expansion coefficient and βr (r > 0) are the expansion coefficients for fractions, Ar is the
characteristic temperature (r = 0) or concentration (r > 0) gradient, ν is viscosity, χr is the thermal diffusivity of the fluid
and mass fractions.
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The parallelepipedD = [0, Lx]× [0, Ly]× [0, Lz], with length Lx, depth Ly and height Lz is filled with the porous medium
that saturates the multicomponent fluid. The normal component of the velocity is equal to zero at the boundary
v⃗ · n⃗ = 0, (x, y, z) ∈ ∂D. (5)
We suppose that the temperature at the boundary is given by a linear function on the vertical coordinate z and
consider the problem with mixed boundary conditions: the heat and concentration fluxes equal zero on two lateral faces
∂1D = {y = 0} ∪ {y = Ly} and the deviation θ r is equal to zero on the remaining planes ∂2D = ∂D \ ∂1D; see
Fig. 1.
θ ry = 0, (x, y, z) ∈ ∂1D, θ r = 0, (x, y, z) ∈ ∂2D. (6)
The initial condition is given as follows
θ r(x, y, z, 0) = θ r0(x, y, z), v⃗(x, y, z, 0) = v⃗0(x, y, z). (7)
It is simple to check that Eqs. (1)–(6) are invariant with respect to the discrete symmetries
Rx : {x, y, z, v1, v2, v3, p, θ0, . . . , θ S} → {Lx − x, y, z,−v1, v2, v3, p, θ0, . . . , θ S}, (8)
Ry : {x, y, z, v1, v2, v3, p, θ0, . . . , θ S} → {x, Ly − y, z, v1,−v2, v3, p, θ0, . . . , θ S}, (9)
Rz : {x, y, z, v1, v2, v3, p, θ0, . . . , θ S} → {x, y, Lz − z, v1, v2,−v3, p,−θ0, . . . ,−θ S}. (10)
This implies the existence of solutions following from given ones by the appropriate transformations of velocity, pressure
and deviation of the temperature and mass fractions.
The energy properties of the initial-value problem must be reproduced in the corresponding finite-difference scheme.
The integral energy equation can be obtained by multiplying Eq. (3) by λrθ r , summing all components (r = 1, . . . , S) and
integrating over domainD . Using this result, and multiplying (1) by v⃗ and integrating over the domainD , we obtain
d
dt

D

S
r=0
λrbr
2
θ r
2 − ε
2
v⃗2

dx =

D

v⃗2 −
S
r=0
λrκr∇θ r 2

dx. (11)
We stress that nonlinear terms of order greater than two do not present in (11). It is a consequence of nullification of the
terms connected with convective transfer v⃗ · ∇θ r . We can rewrite the corresponding integral using the continuity equation
D
S
r=0
λrθ
r v⃗ · ∇θ r =

D
∇ ·
S
r=0
λr

v⃗
1
2
θ r
2

dx =

∂D
n⃗ · v⃗
S
r=0
λr
2
θ r
2dx = 0. (12)
Here n⃗ is the normal to the boundary and the integral is equal zero due to (5).
It is extremely important to provide nullification of convective transfer parts through the finite-difference approximation.
1.2. Equations for the temperature and stream function
When initial velocity v⃗0 and distributions θ r0 (r = 0, . . . , S) do not depend on y, system (1)–(6) has two-dimensional
solution
v⃗ = {v1(x, z, t), 0, v3(x, z, t)}, p = p(x, z, t), θ r = θ r(x, z, t). (13)
In this case,we canwrite our systemas a systemcontaining S+2 scalar functions (temperature,mass fractions and stream
function). We follow usual assumption in porous media flow modeling [1] and neglect inertia in momentum equation by
setting ε = 0). The continuity equation (2) is fulfilled automatically when the stream function ψ is introduced
v1 = −ψz, v3 = ψx. (14)
Then the underlying system can be transformed to the another form. Using (14), we deduce from (3)
br
∂θ r
∂t
= κr∆2θ r + ψx + J(θ r , ψ) ≡ Fr , J(θ r , ψ) = θ rxψz − θ rzψx, r = 0, . . . , S, (15)
and after application of the curl-operator to (1) we have
0 = ∆2ψ −
S
r=0
λrθ
r
x ≡ Φ, ∆2() = ()xx + ()zz . (16)
System (15), (16) is defined in the two-dimensional domain D = [0, Lx]× [0, Lz]. The boundary conditions follow from (6):
ψ = θ = 0, (x, z) ∈ ∂ D (17)
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Fig. 2. Grid and nodes.
and the initial condition is only defined for the temperature and mass fractions
θ r(x, z, 0) = θ r0(x, z), r = 0, . . . , S, (18)
where θ r0(x, z) denotes the initial distribution. For a given θ
r
0 , the stream function ψ can be obtained from (16), (6) as the
solution of the Dirichlet problem via Green’s operator G: ψ = GSr=0 λrθ rx .
Eqs. (15)–(17) are the basic steady state equations (the equilibrium ψ = 0, θ r = 0, r = 0, . . . , S). It describes the case
of heating transfer by thermal conductivity. As a result of this, the continuous family of steady states appears. This state is
stable if
S
r=0 λr < λcr = (2π/Lx)2 + (2π/Lz)2 [23]. It was shown in the case of S = 1 [4] that the critical value λcr has
multiplicity two for any domain D.
System (15)–(17) possesses the cosymmetry property [3]: a vector-function
L =

λ0ψ
κ0
,
λ1ψ
κ1
, . . . ,
λSψ
κS
,−
S
r=0
λrθ
r

is being orthogonal to the right-hand side of (16), (15) Φ = (F0, F1, . . . , FS,Φ). Then, we obtain the cosymmetry condition
in the following form
(Φ, L)L2 = D

S
r=0
Fr
λr
κr
ψ − Φ
S
r=0
λrθ
r

dxdz
=

D
 S
r=0
λr

ψ∆2θ
r − ψ∆2ψ
− S
r=0
λr
κr

∂
∂x
ψ2
2
+ ψ J(θ r , ψ)

+ ∂
∂x
1
2

S
r=0
λrθ
r
2 dxdz = 0. (19)
This can be checked directly using integration by parts and Green’s formulas.
It is important to preserve the discrete version for the cosymmetry condition through the numerical solution of systems
(16)–(17). In [6], the regular uniform mesh was used and both stream function and temperature were defined at the same
nodes. The Jacobian approximation was based on the Arakawa scheme [24] and a number of one-parameter families of
steady states were computed. It was also found that a violation of the cosymmetry property lead to the overestimation or
underestimation and ever to the degeneration of the family of steady states. The application of staggered nonuniform grids
for problem (16)–(18) was considered in [25] and this derivation for three-dimensional problem in [18]. So, we base our
method on the scheme developed for a single fluid [18].
2. Finite-difference scheme
We have discretized Eqs. (1)–(7) using five different types of nodes: one for the pressure, another for the temperature
and concentrations and three nodes for the components of velocity vector; see Fig. 2 .
2.1. Staggered grids
A uniform grid for the temperature θ0 and mass fractions θ r , r = 1, . . . , S is introduced
ω0 = {(xi, yj, zk), i = 0, . . . ,Nx + 1, j = 0, . . . ,Ny + 1, k = 0, . . . ,Nz + 1}.
xi = ihx, i = 0, . . . ,Nx + 1, hx = LxNx + 1 ,
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yj = −hy/2+ jhy, j = 0, . . . ,Ny + 1, hy = LyNy ,
zk = khz, k = 0, . . . ,Nz + 1, hz = LzNz + 1 .
The velocities v1, v2 and v3 are defined on the gridswhich are staggered respectively along the corresponding coordinates
ω1 = {(xi, yj+1/2, zk+1/2), i = 0, . . . ,Nx + 1, j = 0, . . . ,Ny, k = 0, . . . ,Nz},
ω2 = {(xi+1/2, yj, zk+1/2), i = 0, . . . ,Nx, j = 0, . . . ,Ny + 1, k = 0, . . . ,Nz},
ω3 = {(xi+1/2, yj+1/2, zk), i = 0, . . . ,Nx, j = 0, . . . ,Ny, k = 0, . . . ,Nz + 1},
where
xi+1/2 = 12 (xi + xi+1), i = 0, . . . ,Nx,
yj+1/2 = 12 (yj + yj+1), j = 0, . . . ,Ny,
zk+1/2 = 12 (zk + zk+1), k = 0, . . . ,Nz .
Finally, the pressure p is defined at the nodes
ωp = {(xi+1/2, yj+1/2, zk+1/2), i = 0, . . . ,Nx, j = 0, . . . ,Ny, k = 0, . . . ,Nz}.
The grids are introduced in such a way that on ∂2D the boundary conditions for the temperature (mass fractions) and
the normal component of velocity are fulfilled automatically. We define fictitious nodes for the temperature/mixture and
velocity v2 to approximate the boundary conditions on ∂1D.
2.2. Discrete finite-difference operators
To approximate (1)–(7), we define a set of discrete analogs of first order differential operators on a two-point stencil
d1fi+1/2,j,k = fi+1,j,k − fi,j,khx ≈ (fx)i+1/2,j,k,
d2fi,j+1/2,k = fi,j+1,k − fi,j,khy ≈ (fy)i,j+1/2,k, (20)
d3fi,j,k+1/2 = fi,j,k+1 − fi,j,khz ≈ (fz)i,j,k+1/2,
and weighted averaging operators on the coordinates
δ1fi+1/2,j,k = fi+1,j,k + fi,j,k2 ≈ (f )i+1/2,j,k,
δ2fi,j+1/2,k = fi,j+1,k + fi,j,k2 ≈ (f )i,j+1/2,k, (21)
δ3fi,j,k+1/2 = fi,j,k+1 + fi,j,k2 ≈ (f )i,j,k+1/2.
Formulas (20)–(21) are valid both for integer and half-integer values of i, j and k. Then the discrete analog of the Laplacian
on the seven-node stencil can be written as
△h = d1d1 + d2d2 + d3d3 ≈ △, (22)
and the averaging operator on the three-dimensional cell is given as
δ0 = δ1δ2δ3. (23)
The nonlinear term approximation is constructed using a linear combination of two terms
(v⃗ · ∇f )i,j,k ≈ J(f , v)i,j,k
=

α
3
s=1
dsδs

f
3
n≠s
δnv
s

+ (1− α)
3
s=1
ds
3
n≠s
δn

δ0f δsvs

i,j,k
. (24)
Here f is placeholder for θ r , r = 0, . . . , S.
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This operator provides second order accuracy as well as other linear operators in equations (∆, dk).
It allows to conserve energy and constitute mimetic discretization of the underlying problem when α = 13 . Expression
(24) was used for computation of three-dimensional convection of a thermal-conductive fluid at [18] where one-parameter
families of steady states were calculated.
This detailed description is given because we use results [25] to verify our technique. Three-dimensional computations
in primitive variables were compared with two-dimensional convection for stream function and, temperature and mass
fractions.
2.3. Semi-discretization
To reach some steady convective state we apply the approach based on artificial compressibility [26,27]. In this case, we
consider instead of Eq. (2) the following equation with coefficient ζ
∂tp+ ζ−1∇ · v⃗ = 0. (25)
Using operators (20)–(24) we discretize system (1), (3) and (25) in the following form
br θ˙ r − κr △h θ r − δ1δ2v3 + J(θ r , v)

i,j,k = 0, r = 0, . . . , S, (26)
εv˙1 + d1p+ v1

i,j+1/2,k+1/2
= 0, (27)
εv˙2 + d2p+ v2

i+1/2,j,k+1/2
= 0, (28)
εv˙3 + d3p+ v3 −
S
r=0
λrδ1δ2θ
r

i+1/2,j+1/2,k
= 0, (29)

ζ p˙+ d1v1 + d2v2 + d3v3

i+1/2,j+1/2,k+1/2 = 0. (30)
Problem (1)–(6) is discretized using fictitious nodes to satisfy the boundary conditions on the planes y = 0 and
y = Ly:
v2i+1/2,0,k+1/2 = −v2i+1/2,1,k+1/2, i = 0, . . . ,Nx, k = 0, . . . ,Nz,
v2i+1/2,Ny+1,k+1/2 = −v2i+1/2,Ny,k+1/2, i = 0, . . . ,Nx, k = 0, . . . ,Nz, (31)
θ ri,0,k = θ ri,1,k, θ ri,Ny+1,k = θ ri,Ny,k, i = 0, . . . ,Nx + 1, k = 0, . . . ,Nz + 1.
For x = 0 and x = Lx we have
v1i,j+1/2,k+1/2 = 0, j = 0, . . . ,Ny, k = 0, . . . ,Nz, (32)
θ ri,j,k = 0, j = 0, . . . ,Ny + 1, k = 0, . . . ,Nz + 1,
and analogically for z = 0 and z = Lz
v3i+1/2,j+1/2,k = 0, i = 0, . . . ,Nx, j = 0, . . . ,Ny, (33)
θ ri,j,k = 0, i = 0, . . . ,Nx + 1, j = 0, . . . ,Ny + 1.
2.4. Computation of the family of steady states
We rewrite the resulting system of equations in vector form. Let us introduce vectors which contain only unknowns at
internal nodes
Θ r = (θ r111, . . . , θ rNx11, θ r121, . . . , θ rNxNyNz ), r = 0, . . . , S,
V 1 = (v1111, . . . , v1Nx11, v1121, . . . , v1Nx(Ny+1)(Nz+1)),
V 2 = (v2111, . . . , v2Nx+1,11, v2121, . . . , v2(Nx+1)Ny(Nz+1)),
V 3 = (v3111, . . . , v3Nx+1,11, v3121, . . . , v3(Nx+1)(Ny+1)Nz ),
P = (p111, . . . , pNx+1,11, p121, . . . , p(Nx+1)(Ny+1)(Nz+1)),
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and obtain the system which corresponds (26)–(30)
Θ˙ r = κrA1Θ r + C1V 3 − J(Θ r , V ), r = 0, . . . , S,
V˙ k = −B3+kP − C1+kV k + δ3k
S
r=0
λrC5Θ r , k = 1, 2, 3,
P˙ = −
3
k=1
BkV k.
Here the matrices Bk, k = 1, . . . , 6, are obtained via approximation of first order difference operators, and the matrices
Ck, k = 1, . . . , 5, correspond to the averaging operators. The matrix A1 presents the discrete form of the Laplacian. The
nonlinear term is given by J(Θ r , V ). Eq. (24) form a system of
(5+ S)NxNyNz + 3(NxNy + NxNz + Ny + Nz)+ 2(Nx + Ny + Nz)+ 1
unknowns.
Putting J = 0 in (34) we derive the perturbation equations (σ is a decrement of linear growth) to analyze the stability of
the state of rest
σΘ r = κrA1Θ r + C1V 3, (34)
σV k = −B3+kP − C1+kV k + δ3k
S
r=0
λrC5Θ r , k = 1, 2, 3, (35)
σP = −
3
k=1
BkV k. (36)
Putting the decrement σ = 0, we obtain the system for determination of critical Rayleigh numbers. This allows to find the
threshold value of monotonic loss of stability. We can express P, V 1, V 2V 3 via Θ r from (34)–(36) and obtain a system of
NxNyNz equations for the unknown vectorΘ r . Substituting (35) into (36) we deduce
κrA1Θ r = C1(C5 − B6Q )
S
s=0
λsΘ
s, r = 0, . . . , S. (37)
Here we find the vector P = QSr=0 λrΘ r from the system of linear algebraic equations with rank deficiency 1
3
k=1
BkC−11+kB3+kP = B3C−14 C5
S
r=0
λrΘ
r .
Since for an incompressible flow the pressure may differ by a constant we can exclude one component of P and respectively
one equation.
To find an isolated convective pattern we apply the direct approach and integrate the system of ordinary differential
equation (34) by the classical fourth order Runge–Kutta method up to convergence. To compute a family of steady states
we apply the technique based on the cosymmetric version of the implicit function theorem [4] and the algorithm developed
in [5,6]. The equilibrium V 1 = V 2 = V 3 = 0 andΘ r = 0 is globally stable for λ < λcr where λcr is the minimal eigenvalue
for spectral problem (37). When λ is slightly larger than λcr, then all points of the family are stable [4]. Starting from the
vicinity of unstable zero equilibriumwe integrate the ordinary differential equation (34) up to a pointΘ0 close to some stable
equilibrium on the family. Then we correct the pointΘ0 by the Newton method. To predict the next point on the family we
determine the kernel of the linearization matrix (Jacobi matrix) at the pointΘ0 and then use the Adams–Bashforth method.
This procedure is repeated to obtain the entire family of steady states. It is important that the given procedure allows us to
compute the stable regimes as well as unstable ones.
3. Numerical results
The derived scheme was applied to the modeling of convection in the case of a two-component fluid (S = 1). To check
the scheme we reproduce the results of two-dimensional modeling [23]. The comparison included determination of critical
value of instability of the state of rest, computation of some regimes from the family of stationary planar flows, and analysis
of critical value for branching off the nonstationary regime (see below).
We consider a parallelepiped with Lx = 3, Lz = 1. Through the computation, we changed the depth Ly and Rayleigh
number λ0 = 120, other parameters were fixed: λ1 = 10, k0 = 1, k1 = 0.2, b0 = b1 = 1, ε = 0.05. The grids with
60× 10× 20 and 60× 20× 20 internal nodes were used in the computational experiments.
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Fig. 3. Families of steady planar states for two-component (solid curve, λ1 = 10) and single (dashed curve) fluids.
3.1. Small depth of parallelepiped and family of planar states
When the depth Ly was rather small we have detected the only planar convective patterns. It correspondswith branching
off a one-parameter family of steady states from the state of rest.
Several families of planar steady states are given in Fig. 3. These families are presented using Nusselt values for the
temperature
Nuv = − 1LyLz
 Ly
0
 Lz
0
θ0x

Lx
2
, y, z

dzdy, Nuh = − 1LxLy
 Lx
0
 Ly
0
θ0z (x, y, 0)dxdy. (38)
Here Nuv corresponds to the cumulative heat flux for the centered vertical cross-section (with respect to axis x). The value
Nuh is a combined heat flux through the bottom of the enclosure, z = 0.
Once Rayleigh parameter λ0 grows we observe the family of steady states with increasing sizes and the deformation of
the corresponding curve. For comparison in Fig. 3, we present the family of steady states (dashed) in the case of the fluid
without fractions (S = 0). One can see that amixturewith small value of parameterλ0 slightly effects on resulting curve. The
letters mark some positions on the curve of steady states for which distributions of the temperature and the concentration
θ1 are given in Fig. 4 (λ0 = 120, small letters) and Fig. 5 (λ0 = 250, capital letters).
Several steady regimes from the family (λ0 = 120, λ1 = 10) are presented in Fig. 4. Because all the states are planar we
give only a slice in the x–z plane for the temperature and mixture distribution. Our results display that convective patterns
continuously transform when we move along the curve of the family. All the states are stable; here we mean stability on
a submanifold being transversal to the family of states. It is obviously that along the family only neutral stability takes
place.
The increasing of Rayleigh parameter λ0 results in the growth of convective cells. All convective patterns at λ0 = 250 (see
Fig. 5) are stable as before.We remind that such a family of steady states consists of stable regimes until the depth Ly is rather
small. Increasing Ly leads to the instability of the family and all its members. The critical depth L∗y depends of a magnitude
of heating (parameter λ0) and mixture parameters λr . For example, in the case of λ0 = 120 we find that instability arises at
Ly = 0.7 and for λ0 = 250 the threshold is smaller—Ly = 0.65.
3.2. Isolated three dimensional states
When the depth Ly becomes greater than critical value L∗y branching of a fixed number of isolated convective patterns
precede the appearance of a family of steady states. In the case of Ly > L∗y such a family may exist only as a set of unstable
planar regimes.
Depending of initial values we have found different isolated three-dimensional regimes in the parallelepiped with depth
Ly = 1; see Figs. 6–8. The first two regimes are presented by its distributions of temperature θ0 and mass fraction θ1 in
Fig. 6. The upper (lower) one is characterized by three or four convective cells on the planes y = 0 and y = Ly. Because of
discrete symmetries there exist the similar flows which may be obtained by the corresponding reflections.
We have observed also more complicated convective patterns. They have a different structure of the temperature and
mass fraction on the planes y = 0 and y = Ly. Distributions of the temperature on different sections are shown in
Fig. 7.
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Fig. 4. Planar regimes from the family of steady states for two-component fluid; λ0 = 120, λ1 = 10, letters denote states marked in Fig. 3.
Fig. 5. Planar regimes from the family of steady states for two-component (solid curve, λ1 = 10) and single (dashed) fluids; λ0 = 250, letters denote
states marked in Fig. 3.
It is interesting that for the given parallelepiped most of the stable regimes looks as two-dimensional without variation
in the direction x. This was demonstrated in Fig. 8 where three-dimensional character of the flow is only revealed
near the planes x = 0 and x = Lx. This is a sequence such that length Lx is significantly greater in both depth and
height.
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Fig. 6. Two convective regimes with a same number of convective cells on the planes y = 0 and y = Ly; λ0 = 120, λ1 = 10.
Fig. 7. Temperature distributions with different numbers of cells on the planes y = 0 and y = Ly; λ0 = 120, λ1 = 10.
3.3. Non-mimetic approximation
Finally we demonstrate that non-mimetic approximation destroyed a family of steady states. Let us employ instead of
(24) a simple approximation of second order
(v⃗ · ∇θ)i,j,k ≈

3
s=1
dsδsθ
3
n≠s
δnv
s

i,j,k
. (39)
Then only two convective flows were found through the computation. This was demonstrated in Fig. 9 where two isolated
regimes (marked by stars) are realized from different initial states (circles). The regimes that lie on the line Nuv = 0 are
similar to the symmetric pattern denoted as ‘a’ (‘e’) in Fig. 3. Convergence may take some time but the typical trajectory
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Fig. 8. Convective flows close to the planar regimes if x is far from the planes x = 0 and x = Lx; λ0 = 120, λ1 = 10.
Fig. 9. Destruction of the families of steady states under non-mimetic approximation of advective terms; circles are initial points on the family, asterisks
are final isolated steady states; λ1 = 10.
(dotted line) reproduces the movement along the ‘lost’ family (solid line). One may treat it as a memory on the missing
object.
A number of isolated convective patterns to be realized depends on parameters. Fig. 9. demonstrates that larger Rayleigh
parameter (λ0 = 250) leads to four steady isolated regimes. It should be mentioned that this case produces more
complicated convergence. As before the states with Nuv = 0 correspond to the symmetric patterns whereas others states
are characterized by a skew-symmetric distribution of cells.
4. Conclusion
Application of the derived mimetic scheme on staggered grids demonstrates that continuous family of steady patterns
may appear in the three-dimensional convective multi-component flow in a porous medium. This was found for the
parallelepiped with small distance between adiabatic lateral planes and linear vertical distribution of the temperature and
mass fraction on other boundaries. It was also shown that a non-mimetic scheme can destroy the family of steady states. In
a future work, we plan to investigate mimetic schemes to check the existence of family of solutions in the case of variable
permeability.
This paper gives one of the possible approaches to study the problem of strong nonuniqueness of solutions in the
intriguing problem of multicomponent convection in a porous medium. Investigation of applicability of other methods
B. Karasözen et al. / Computers and Mathematics with Applications 64 (2012) 1740–1751 1751
was not an aim of this study. Some possible methods were listed in the Introduction; for other references one can see
the review of Robidoux and Steinberg [10]. Darcy model is widely explored in the study of flow in porous media; see for
example application of locally-conservative and discontinuous Galerkin methods [11,12]. It should be mentioned what was
needed in the finite-element study of ideal fluid two-dimensional flows [28]. Conservative properties of Arakawa’s type
was established using a linear combination of two finite-element schemes, one bilinear in rectangles, the other linear in
triangles.
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